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Applicability of the Malthusian
Law of Population Growth : A
Note on India’s Experience*

1. Introduction

HE accelerating population growth rates of India have lead to a belief

among a section of demographers that Malthusian Law of population
growth is valid for explaining the phenomenally high growth rates over
decades, The object of the present paper is to test the hypothesis in the light
of the Quasi-Stable population theory, based on the assumption of consistently
decreasing fertility rates corresponded by a negligible change in the mortality
pattern which is believed to be a pertinent model for the dynamics of India’s
population by many population theorists,

It is known that a Quasi-Stable population with stable fertility component
and constantly decreasing mortality trend eventually gives rise to accelerating
growth rates, This paper, therefore, examines whether such accelerating growth
rates in the context of moderately changing fertility rates can give rise toa
geometric pattern of growth rate at least for a few decades, This may lend
credence to a hypothesis revalidating Malthusian theory.

2. Assumptions and the Methodology

Let i(x, ¢) and p(x, t) denote the probability of giving birth between the age
(x, x + Ax)as Ax - 0 at time ¢ and p(x, ¢) stands for the survival probability
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between the age (x, x + Ax) as Ax — 0 attime (¢) then Coale’s (1972) assump-
tion for the Quasi-Stable population with decreasing fertility and constant
mortality is given by

iCx, 1) = e i(x, 0) = ¥ i(x) for k <O. S )

Generalizing the same for our defined population, characterized by decreasing
fertility and increasing survival probability subject to the condition that
decrease in fertility is more than that of increase in the survival probability we
have the following : :

Q) iCx, 1) = if (x,0) where k; = k(1)
= &M’ (i(x), k<0 x<B (A)
(i) plx, 1) = ek p(x, 0) where ks = ka(t)
= ¢ p(x), k> 0 S xS B (B)
(iii) R(t) = Net Reproduction Rate (N.R.R.) per women per year.
(iv) B(f) = 4k Births at time {t)
(v} («, B) being the upper and lower age limits of child bearing interval.
Then,
? p(x, 1) i(x, 1) dx = eFarka¥ ? i(x) pix) dx (2.1)
: = e("x""‘a"uR(O)
where R(0) is the Net reproduction rate (N.R.R)
att = 0, ‘ '
Also :

B(t) = ? B(t — x) plx, t) i(x, t) dx
B
— [ § B(t — ) o) i(x) dx] ROTERY

5 .
— B(t — T(r))[]' p(3) i(x) dx] o144y, using (2.1) by the Mean
Value T-ﬁeorem of Integral calculus where « < T < B

The difference equation in B(t) given by

B(r) = R(0) ¥t 5By — T(1)) - N (22
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Following the technique of the improved solution of (2.2) by Coale, by employ-
ing the second method and generalizing the assumption: of Coale by (A)-and
(B) we get the first approximate parabolic solution of (2.2} by routine calcula-
tion given by
(fy + ka) {ky 4 ko) ’
A TR 4 12
B(t) = B0)e ? 2To ‘ (2.3)

(for proof vide reference )8

where T, is the mean age of child bearing (approximately taken to be equal to
T by the assumption of Coale’s first method). After some adjustments follow-
ing coale’s (1972) approach of the second method following structure of B(1)
{again with routine calculation) the improved solution of (2.2) satisfying

(ke + Feg)2 (ky + ke)? (ky + k)
[ — g2 __ﬁ[:j_ t+ ——‘:ﬁ?’—*cm+ ————--—‘2]..u 62]
B(f) = R(0) e*1+*s» B(t — To) Le - .
(for proof vide appendix (A)) (2.4)

where o is the variance of the corresponding stable age distribution denoting
by Y(t) = loge B(f) and putting R(0) = 1, we have ‘ '

Y(1) — Y(t — Tp) = (ks -+ k)t — ﬂ@‘%ﬁt t+ (_"JT"'I%E}_!_G:,:

(ky -+ K s

+ T,

The solution of the difference equation (2.2) is therefore given by :

(ky gy | o s v kT L (ky + k)
B(t) = B(0) e[ 2 T, [ To iz )
(kl + ka) ok, + kg;)_] H Mt 8]
4 WZT,, [1 et iy 1?5 ] 12 (2.9)

(for proof vide appendix (A))

Now we have,

w . . Ty
Pi) = OI B(t — %) p(x, 1) dx, where @ is the highest possible age for survival.

Putting the parabolic solution (2.3) for B(t — x) we have

(kl + kl) (f —

. s + &) (¢ 2
P(1) = B(0) (I) e

x + . [
? 2T plx, 1) dx

Rk -;kg) x4 (k‘lz; ka) £ — ky, + k_g)_ tx
0

= B(r) };e To  oplx, N dx  (26)
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' bk o Gtk o Uat i)
- x+ “+Dx
= P(t + 1) = B(t -+ 1) %e z O To
plx, t + 1) dx
— U‘: + ka) x+ (kl + ka) (kl + ka) I
=B(t+1) fe z 2T To

_ kn)
e T, p(x, 1) [ P (x,(x t)]) ]dx QN

whete ‘10’ year period is taken as the unit of time. By the mean value theorem
of integral calculus we have,

] P
IS o

ok”"] @7

Putting (—kl—-:—;—k"ll = — k' = — k'(r) and
A :
B+ 1 pir, t 4+ 1) ;
cy = [HED 20T ] Koo
we have
Pir+1) .
(2.8) =

P(t 4 1) = C(t) &"97 P(1)
P+ 2) = C(t+ 1) e¥HIT p(s + 1)
= P(t + 2) = C(t + 1) C() e¥ i i p(p)

P+ n=[Clt+n—DCt+n—2)...C0}
[e*/tHn-Dw ghian-dm  gk'Giw] P(y)

or
) _
P(t+n) = [iﬂl Clt+n—i) re"’“'*”"‘)"] P (2.87)

which shows that the population size will be continuously increasing provided
each of k'(¢+)’s are now negative and C(¢)'s are greater than unities. This
necessitates

Ba+ 1) pm,7) oy _
B0 >p(1=,1'+1) and k'(v) >0 for t=¢#t-F 1, t+2...
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Also

’ P(';,(—:)l) =C@ e r=¢tt+1,1+2 ...

holding for two consecutive decennium, may be applied over individual years
in the following pattern :

P(= + o) = PO IC o

Similarly,

) 210
P+ + q5) = PO ICE@ &)
and
P( Tk —lfoﬁ) = P(s) [C() ¥ tmpein0 0 x < 10
So that the inter decinnal growfh rate between 7 to (x + 1) may be assumed
to take place in a geometric rate with common ratio
[C(z) W for =t ¢t + 1,4+ 2,....

C(s) and &'(t) > 0 but monotonically decreasing overtime (as the empirical
part of the exercise shows), whereas the growth rate over decades will be con-
tinuously decreasing leading to the convergence to stability.

B(x + 1) p(, %)

Hence as long as B > FCEESV

E'(r) > 0

One may have apparently a picture of the geometric rate of population increase
within decennium nevertheless the growth rate has a decreasing pattern if
comparison is made over decades which is a characteristic of the population
converging towards stability.

3. Estimation Technique and the Basic Data Employed

Let P(x) represent the female population corresponding to the year ¢ and,

B(7) = female birth during v - v = t, ¢ + 1, ¢ + 2, ...

where ¢, ¢+ 1, ¢+ + 2, ¢t & 3 stand for 1971, 1981, 1991 and 2001 A.D.
respectivey.

Then, we start estimating the parameters (k, + k) and T, by using the ratio

No. 11987 Demography India 123




P

of the population age distribution to that of a corresponding stable population
baving the same demographic parameters of fertility and mortality as given by

(Fy(z) + kol D, (k (7) 4 ka(r))
C(x, %) ) 7 : 2'1},2 A
C.(x, '7) bs(T)
fort=1¢1t+4+1 3.1
(for proof vide appendix (B))

Taking logarithm and employing the method of summation in (3.1) we have
2 log. g((x LI n loge [ ehalr b("’) ] ) ~+— kq()) z -

(k ('r) 24’}' ng(-:)) | (3.2)

Z x log, "CC%’%))‘ = log, [e"’s(") _b_(i]z x - LA ;-Jb"(i)lz .

[kl(”) + ka(%)]
“"*‘"‘“2—210—-—'— x? (3.3)

Clx, 7) PTIRL) g Jea(®) 4 k(7))

z x? log, ) = log, [e"z‘ ) %b.(r) ]2 W= e z X8
ki) + ky(7)]

Y 2

3.4)

Having known the values of C(x, ) and Cy(x, 1) from the sources (5,) and (S,)
as given in the later part of the same section for © = ¢, t + 1, the three esti-

mating equations (3.2), (3.3) and (3.4) were solved to find out (ky + k), T,
from the three unknowns

["’fff7 b(r) [ Q) + haf) ] [ Jl) = "a(") ]for S

In the next place after having estimated (k, + k,) and Tyfor v = ¢, [+ 1
we substituted the estimate for T = ¢, ¢ -- 1 in

logs[P(;,('":)” B(T) 1)] log [ (TLT;_-I; T1)_ ] [{k,(fc) -+ kof7)]

(3.5)

(which is obtainable by taking logarithms on both sides of (2.7'), = is directly -
estimated (when p(r + 1), p(z) and (B(r + 1) and B(r)) are known from
sources (Sy), (S3) and (8;) (vide later part of its section) respectively), subject
to the assumption of [p(=, T + 1)/p(x, ©)] as given in (S,).
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Finally, while substituting the estimates for (&, + k2), Toand mforr =1+ 1
and making the assumptions of (83) and (8,) relating to [p(x, © + 1)fp(x, 7)]
and [B(x)/B(= + 1)] for = = (¢ + 1), (¢ + 2) respectively in (3.5) we get the
population estimates of p(r + 2) (ie. 1991 A.D,) and P(¢+ + 3) (2001 A D).
The following sources of data were utilized to obtain the estimates :

(81) : Census of India 1981, Series I ‘Age Tables, Based on 5%, Sample Daia,
for the age distribution of the female population (denoted by C(x, <) for all x
and v = ¢ 4+ 1 (i.e. 1981 A.D.) as well as the total female population P(r)
(v == t 4 1) (Table pp. 35). This gives P(¢ + 1) = 321357426 as the figure
for the mid year female population during the decade 1971-1981.

The mid year female population figure of 1961-1971 A.D. (i.e. P(1) is
obtainable from source (S3) as given below.

(Sy) : U.N. 1957 ‘Methods of estimating basic demographic measures from
incomplete data’ for getting the expectation of life at birth for the comparabie
stable population (possessing the same Demographic parameters of fertility

- and mortality) with that of the female population of India 1981 A.D. and the
corresponding stable age distribution C,(x, ©) for = = ¢ + 1, C,(x, 1) is obtain-
ed by interpolating between levels 13 and 15 as in the corresponding tables.

(S,) : The female births in the decade 1961-1970 and 1971-1980, denoted by
B(t) and B(1 + 1) were obtained from Census of India 1971, Series I paper 3
(1977) Age tables for the total female population for 1971. This gives the
estimates of the female births in 1971 and 1981 A.D. as follows :

B(t) = 4653977  for 1961-1970 ' (3.6)
B(t 4 1) = 5272635  for 1971-1980 _ (3.7
and  P(r) = 264110376 for 1961-1970 (3.8)

(Sy) : We assume the ratios of the survival probabilities* = ¢, ¢ + 1, ¢ -+ 2,
t + 3 for the year 7 to (v + 1) at the age = (0 < = < w) in increasing order
as given by as per our basic assumption {B).

T om t+ 1) pm t+2)7
L em D ~ 1003, FiaEs) 1006

Cp(mt +3)7
| pim, t + 2) 1.007

(Ss) Also per our assumption in (A) we take

[ B(s + 2) B(r - 1) .
| BEED (099)[ 56) ] for v=1¢ ¢t 1,
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" substituting the Avalues of P(t -+ 1), P(2), B(t + 1}, B(1), and (&, —T— ka) | ey
= — 0100684, T, = 29 and p (%, t + 1}/p(=, t) in (3.5) obtain the estimate

" of ® = 38 for the year 1981 A.D.

Using ( S,, S;) we get from equation (3.5) for v = ¢ -+ 1, ¢ + 2

P+2)

BTy = 1947007
and

Pt +3) _

Uy = 1.1845276

Using the figure of P(r + 1) for 1981 given in (S5,) we get

PGt F 2) | 1002 = 387464000

and using the estimated value of P(¢t + 2) | 190 We get

P(t F 3) | s = 462963000
Finally by using (B)

p(x, 1) = p(x, 0) e’

(3.9

(3.10)

(5_.11)

(3.12)

it is possible to estimate ky and k, separately from the already obtained “esti-
mates of (k, + ky) corresponding to ¢ = 1971 and (+ 4 1) =198l A.D,

respectively as follows :

Putting x = = in (B) and replacing ¢ by ¢ + 1 in (B) we have

p(m, ¢+ 1) = p(m, 1) eka!

p(m, 14 1)
o(w, 1)

= eht

Jex | + = .00498 where T | e denotes the estimate of &, at time ¢.

Similarly by using ;g’—:i% —'1.006 a
have ‘ '
[ ic;\ _] = 00299
1
[I?al ] — 00232
t4s
[@2 ] = 00146
t+3
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Having already estimated (k; + k) for 1, ¢ + 1 the estimates of (& + k) for
the years (¢ -+ 2) and (¢ + 3) making the following assumptions viz,

(fey + Kyt o~ (g 4 Eallan (ky + Ka)lt+a
(kg -+ Ele (ky + ket (ky + kg)l4e

This gives the individual estimates of k. and k, at different time periods given
in Table 1.

TABLE 1—ESTIMATES OF k; AND k3 AT DIFFERENT TIME PERIODS

-~

Year ks 'k, (ky T kg)
1571 —.0743 00498 — 0693165
1981 013058 00299 — 0100684
1991 —.010925 00232 —.0086
2001 —.00881 00146 — 00735

4, Conclosion

The foregoing calculation has shown that :

B+ 1 _ '
[————Bm ~ 1.132931 @.1)
Bt +2)7 _ _
[ B ] 1.1216016 | 42)

rBe+37._ | N
. MB(; o b 1,1103855 N | (4.3)

“and with the assumptions of

[p (NI:(’:* 1) . ] — 9950248 4,4)
zg“ :13 = 9940357 (4.5)
[P e pm it 2) ] = 9930986 | (4.6)

- ﬂ%ﬂ- %]: )= 113759006 (@D
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B(t + 2) p(rr,i+2)_]_ : L - |
[B(t T o+ ] T G D = 11283312 “438)

B(t+3) plmyt +3)77
[ B(t + 2} p(m,t + 2) ] = C(t + 2) = 1.1181518 4.9)

Since the condition

Bi=+ 1) pim, ) ,
B(x) CEE ) and k'(z) > 0,

holds for all periods v = ¢, ¢+ 1, ¢t 4 2 (i.e) from 1971 to 1991 A.D. it
follows that, although the population may show an apparently geometric rate
of increase within the decennium but ultimately the growth rate decreases
leading the population towards stability which annihilates the apprehension of
a possible Malthusian rate of growth rate in India. As exhibited in this exer-

cise is !

— 32135746 :
]000-[ 38746403%0135732 G 57466 X 100 = 1.95% per annum per 1000

population between 1981-1991 A.D, and that between 1991 A.D. to 2001 A D.
the growth rate will be :

1 [ 462963000 — 387464000

. o ; ’
1000 387464000 X 100 == 1.84%; pet annum per 1000

‘ populatibn.

Also the growth rate when calculated back for the 1971-1980 female popu-
lation comes out to be 2.177; (== 2.23() which compares favourably with the
‘actual growth rate for male and female population combined as 2.5%*
(unadjusted for migration). The conclusion in respect of the testing whether
Indian popuiation growth follows the Malthusian Jaw has been made in respect
of female population. However, the conclusion for male populations on the
basis of projected Male populations as per the model will lead to same conclu-
sion on the assumption of the sex ratio at different age groups remaining
;.anvarlant during the periods under consideration.

h'Souroe : vide refer 6 (tabie 3).
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APPENDIX A

We have
B(#) = R(0) e*1t%)%) B(t — Ty,y) (A)
. To have an improved solution, we write

B*(f — Tu))

B(t) = R(0) et*y+n, % W

B(t—T,) (B)

" if B* = B then (A) and (B) becomes the same then;

(kl + k‘)t + (kl 2";']‘!) *
[]

BY(t) = B@O) ¢ 2 ©

and we put Ty = T (Mean length of generation in stable population) taking
- logs we have _

(t — Teen) '
* — (s — T — (1 —
togs B* e T — log, B — 7) — logs B¥(t ~ T (D)

by Taylor’s expantion, we have

loge B¥(¢t — T) = loge B*t — T) + (Ty— 1) —al—o%s—'m o (E)
t=t-To-
Taking logs derivative on both sides of (c)
dlogs B¥(t) _ d [ (ks -+ k) (ki + ka) ,]
G ow B0+ T e
M“_) (kT k) (k1 + ks) ,
= 3t f-t-To 2 tet-Ty + 2T, 2 imi=T
= (k'l. -2}" ki) + (k‘l ;— ki) (f — T.)
i}
_ (& + k) { - (ks + ks)
. Ty 2
Substituting in (E) we obtain
Bt —T7) _ - [(k1+ks) ___(k1+ks)]
103. B'(t — T.) = (T. T) Te t{ 3 (F)

Although the approximation viz;

B*¢—T) , Blt—T)
B¥t—Ty)  B(t—Ty)

is justified,
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But,

- . _ (ky + kz) ra (k1 + kn)
B¥1) = B0)e 2 *Te

is'a parabolic solution and it will not be same as B(1) of the stable population
which depends on the level of fertility. Again, we have,

B
BY(t) = | Bt — x) i(x, 1) px, ) dx

(y +k2) (i 5y Ris) ;‘f—Tka) (t — %72
o

=[B0)e 2 i(x, 1) p(x, t)dx
. ,

{by replacing t by (t — x) in both sides of )

(heo + Feg) (oo + k) , B Uy + ko) (kr + ko)
— =y — 5 42 2
BMt) = B(0) e 2 + T, ! £[e Z *t e ¥

(ky 4 k) 2t ‘ .
e T i(x, 1) plx, )] dx

k) Ga kR o Gtk

BH1) = B*()fe - e T i(x, 1) p{x, t)dx
o : o :
(kx + K2) (ky 4 kg) (kg -+ k)
g - —x+ X — ="
1=1e ? 2" To Ti(x, 1) plx, 1) dx
. :
kg ) - . ‘
Replacing Ty = Tand e T =: ¢~r(¥% Hence

_ (k1 ‘z‘l' kg) x + (ky ;'Tkl) .“El . r(‘)' %

fe ix, 0 plx, ) dx = 1 )

" it differs from Lotka’s integral equation unless (k, + ky) = 0. We therefore
consider the behaviour of the R,H.S. of (G) for non-zero (k, + kg). Let
(k1 - ka) (ky -+ ka)
p -8 TA) p o A ()
Z(f)=ie % T~ plx, 1) ix, 1) dx

o . B T b
The idea is to express Z(f) in terms Z(:) ];W,,.... and therefore incorporates the
correction necessary in B*(1) enabling to satisfy the Lotka’s. integral equation
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we have

2(0) = 200) kngssgio + (ks - ) sty (o ko) = O + 00k -+ ko)
Bo_ (kl‘_j'kz) x4 Yt ke o

_dz( ST . ‘ 7
e + k) ) ¢ e p(x, 1) _:(x, ) dx
X x"
[-—-— 2 + 2T ]
dZ(¢) 1} .
T RN R e ——— —prlg)e .
d(kl + kg) {ity+kg)=d 2 J xe T P(x, t) l(x, ‘) dx
1 f |
. 2 p—r(b) ,
Ry J x* e p(x, 1) ilx, 1) dx
= =3 A+ 5 I+ AY
2 2Tqy “°

where Y, is the variance of the age of the net fertility schedule in the stable
population and A is the mean age of the net fertility schedule in the stable
. population, if we assume A = Ty,

T dZ(n
dt gy thgheo

1 1
=‘~"“—2"A+"5A_[Ya+A']

1 o

(= = g? =
= A Y, = T, where Y =c*and T = T,

Z(t) = Z(t) lnysrgrma + (ky + Ky) ‘%}Z‘

{hey+kgl=el)
B ot
=14 (e + o) g = €M) (D

we have

. .

JB(T—3x) f(x)dx = B(T— Tw)

[
where

Fx, 1) = PRI N plx) %)

et Iap(x) i(x) dx j'ﬂp(x) i(x) dx
= f(x,0) =f(x)
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The needed adjustment for

IBB(l‘ — x) f{x) dx = B{t — Tu,) is

(ky + kg) o*
B*t —Tu)e 2 T = | B(t — x) fix) dx
-3

= B(t — Ttn)

_..___._-.- o2
" B(e) = R(0) es*W B(t — T)) [ Bt — Tm)]

B¥(i —

[ _ k1 + ko) of + ky + ko) o (kg + k) “]
B(t) = R(0) e™tha" B(t — Tyle  *Te 213 " 3T,

M

2 2
loge B(t) = logs R(0) + (ky + ky) t + loge B(t — To) — - (k:ﬂ.’j:.. =

CEA SRR 2

0 0

putting Y(¢) = loge B(1) as before and taking R(0) =1

t

+

: ; : ki + K
Y(t) = Y(t — Ty = (ky + k) t — = Lo 4;1"”) ty 2"*1',,“ )L qtpr

(k; + ku)
+- 2T

= dg + iyt + asl'

where

Nk k k k o’k + k
o = G( 51-_!; 2).al= (k]“’i“'kz)'—' i( 14;: 2) nd Gy = (;'To I)

The solution of this difference equation is
(k1 + ko) + o (ko + kg) [ (k] + k!l] :
B(t)=B(0)e > N R

Pt [ Sl k) ]y bk o
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APPENDIX B

We have

B |
B, 1) i, 1) dx = et | p(x) G4) dx = eMFEN Ry (A)
& o

where Ry is N.R.R. at t = 0

B
B(t) = etra+eet | B(t — x) p(x) i(x) dx = eUarvky)t B(t — Tin) ? plx) i(x) dx
[ o

(B)
where o < Ty € B
by the Mean Value theorem of integral calculus
= B(’) = Rg e"‘f"‘a” B(t — T(n) : : (C)

B(t) = e*rtt’® B(t — T,) where Ty = T, the mean age of child bear-
' ing by Coale’s first method and R(0) = 1.
log, B(t) = (k1 -+ kg) t -+ 1055 B(f s To)

Solving this simple equation by assuming an approximation solution, we get

Ut k), Gtk g
LTI B ___ZT. t

B(t) = BO)e (D)
N(x, t) = B(t — x) p(x, 1)

I Ean ¢

= B(1) e T &%‘ﬁm * e Lk‘—};-ﬂm p(x, 1) (E)

Again C(x, 1) = The proportion of female population between lage [x, x + 1]

etk o fkmy;k_n)_x. Gatky
2T,

‘ ) T,

Cl, 1y = 28 NG e . pED
_ _ (k1 -+ ka) x4 (klz";‘k_l)_ x; _ (kl ;" kﬂ) tx
= b(t) e e . plx, 1)
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where

B(t
b(t) = -E;(‘G))—
(R k) x + (ks + ka) .
= C(x, 1) =b{t) e 2 21, eT® p(x) M’
where

by + k) | _

T, 1 r

(k1 + kg) (ky + ky)

= Clx, 1) =[¢I.i b(‘)]eﬂ- 12 Tt 1270 =

Cx, 1) bot)

where Cu(x, 1) = bi(t) e7'"7 ekt p(x)
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